Existence check of non-trivial, stationary axisymmetric black hole solutions in Brans-Dicke theory of gravity in different direction from those of Penrose, Thorne and Dykla, and Hawking is performed. Namely, working directly with the known explicit spacetime solutions in Brans-Dicke theory, it is found that non-trivial Kerr-Newman-type black hole solutions different from general relativistic solutions could occur for the generic Brans-Dicke parameter values −5/2 ≤ ω < −3/2. Finally, issues like whether these new black holes can really arise in nature and if they can, what would be the associated physical implications are discussed carefully.
I. Introduction
Of all the alternative theories of classical gravity to Einstein's general relativity, perhaps the Brans-Dicke (BD) theory [1] is the most studied and hence the best-known. This theory can be thought of as a minimal extension of general relativity designed to properly accomodate both Mach's principle [2] and Dirac's large number hypothesis [2] . Namely, the theory employs the viewpoint in which the Newton's constant G is allowed to vary with space and time and can be written in terms of a scalar ("BD scalar") field as G = 1/Φ. In this work, we are interested in the existence of exact solutions to the BD field equations that can describe rotating, charged black hole spacetimes and their detailed structure. And if there are, we would like to know whether they are non-trivial ones different from general relativistic black hole solutions. As is well-known, even in Einstein's general relativity, to find the exact solutions to the highly non-linear Einstein field equations is a formidable task. For this reason, algorithms generating exact, new solutions from the known solutions of simpler situations have been actively looked for and actually quite a few were found. In BD theory of gravity, the field equations are even more complex and thus it is natural to seek similar algorithms generating exact solutions from the already known simpler solutions either of the BD theory or of the conventional Einstein gravity. To the best of our knowledge, methods thus far discovered along this line includes those of Janis et al., Buchdahl, McIntosh, Tupper, Tiwari and Nayak, and Singh and Rai [3] . In particular, Tiwari and Nayak [3] proposed an algorithm that allows us to generate stationary, axisymmetric solutions in vacuum BD theory from the known Kerr solution [6] in vacuum Einstein theory and later on Singh and Rai [3] generalized this method to the one that generates stationary, axisymmetric, charged solutions in BD-Maxwell theory from the known Kerr-Newman (KN) solution [6] in Einstein-Maxwell theory. Thus in the present work, we shall take, as the Kerr-Newman-type solutions in BD-Maxwell theory (henceforth "BDKN" solutions), the ones constructed by
Singh and Rai to explore if it can descibe non-trivial black hole spacetimes different from those described by the standard KN solution in Einstein-Maxwell theory.
II. Non-trivial BDKN black hole solutions
We begin by briefly reviewing the algorithm proposed first by Tiwari and Nayak and generalized later by Singh and Rai. Consider the BD-Maxwell theory described by the action
where Φ is the BD scalar field and ω is the generic parameter of the theory. Extremizing this action then with respect to the metric g µν , the BD scalar field Φ, and the Maxwell gauge field A µ (with the field strength F µν = ∇ µ A ν − ∇ ν A µ ) yields the classical field equations given respectively by
with the last equation being the Bianchi identity andF µν = 1 2 ǫ αβ µν F αβ . And the Einstein-Maxwell theory is the ω → ∞ limit of this BD-Maxwell theory. Note that in the action and hence in the classical field equations, there are no direct interactions between the BD scalar field Φ and the ordinary matter, i.e., the Maxwell gauge field A µ . Indeed this is the essential feature of the BD scalar field Φ that distinguishes it from "dilaton" fields in other scalar-tensor theories such as Kaluza-Klein theories or low-energy effective string theories where the dilaton-matter couplings generically occur as a result of dimensional reduction.
(Here we would like to stress that we shall work in the context of original BD theory format not some conformal transformation of it.) As a matter of fact, it is the original spirit [1] of BD theory of gravity in which the BD scalar field Φ is prescribed to remain strictly massless by forbidding its direct interaction with matter fields. Now the algorithm of Tiwari and Nayak, and Singh and Rai goes as follows. Let the metric for a stationary, axisymmetric, charged solution to Einstein-Maxwell field equations take the form
while the metric for a stationary, axisymmetric, charged solution to BD-Maxwell field equations be 
form a stationary, axisymmetric solution to the Einstein-Maxwell field equations for the metric in eq.(3), then a corresponding stationary, axisymmetric solution to the BD-Maxwell field equations for the metric in eq.(4) is given by
Now what remains is to apply this method to obtain the Kerr-Newman-type solution in BD-Maxwell theory (BDKN solution) from the known Kerr-Newman (KN) solution [6] in Einstein-Maxwell theory. And to do so, one needs some preparation which involves casting the KN solution given in Boyer-Lindquist coordinates [7] (t, r, θ, φ) in the metric form in eq.(3) by performing a coordinate transformation (of r alone) suggested by Misra and Pandey [5] . Namely, we start with the KN solution written in Boyer-Lindquist coordinates
where Σ = r 2 + a 2 cos 2 θ and ∆ = r 2 − 2Mr + a 2 + e 2 with M, a, and e denoting the ADM mass, angular momentum per unit mass, and the electric charge respectively. Consider now the transformation of the radial coordinate introduced by Misra and Pandey [5] 
which gives dr 2 /∆ = dR 2 . Then the KN solution can now be cast in the form in eq.(3), i.e.,
with now Σ = L 2 + a 2 cos 2 θ and ∆ = L 2 − 2ML + a 2 + e 2 where we set, as a short-hand
e −R . Now we can read off the metric components as
Then using the rule in eq.(5) in the algorithm by Tiwari and Nayak, and Singh and Rai, we can now construct BDKN solution in BD-Maxwell theory as
Then by transforming back to the standard Boyer-Lindquist coordinates using eq.(7), we finally arrive at the BDKN solution in Boyer-Lindquist coordinates given by could describe non-trivial black hole spacetimes which are different from those described by their general relativistic counterparts. Indeed, questions of this sort had been raised long ago, and actually Penrose [8] conjectured that even in BD theory of gravity, the relativistic gravitational collapse in three spatial dimensions would produce black holes identical to those in general relativity. And this conjecture received some support from the work of Thorne and Dykla [8] in which they presented four pieces of evidence in favor of the conjecture by employing mainly the "large-ω" expansion scheme (recall that in the limit ω → ∞, the BD theory goes over to the general relativity). As Thorne and Dykla mentioned in their work, however, the conjecture of Penrose was not fully proved since detailed analysis of the collapse with arbitrary, finite values of the generic BD parameter ω is needed. In this regard, we now seem to be in a better shape toward the serious investigation on the validity of the conjecture which are precisely the same locations as those of Killing horizons of KN black holes in Einstein-Maxwell theory. Now since the formation of horizons appears to be possible, next we investigate their nature. And to this end, we examine behaviors of the curvature scalar R, the surface gravity κ and the energy density of the BD scalar field T BD µν ξ µ ξ ν on these candidates for Killing horizons. Here we only consider the curvature scalar R since we believe that its behavior on the horizon candidates would be essentially the same as those of other curvature polynomials such as the Kretschmann curvature invariant R αβγδ R αβγδ . The curvature scalar is calculated to be
As was the case with KN black hole solutions, it also blows up at Σ = 0 (i.e., r = 0, θ = π/2) indicating that the BDKN black hole solution also has the curvature singularity with the same "ring" structure. Next, we turn to the computation of surface gravity at the Killing horizons, κ ± . Generally, the surface gravity κ is defined in a gravity theory-independent manner as follows. Since the horizon is a null surface, there we have χ µ χ µ = 0 where χ µ is the Killing field normal to the horizon we defined above. This implies that ∇ µ (χ ν χ ν ) is also normal to the horizon. Thus on the horizon, there exists a function κ such that
from which it can be derived that
where the evaluation on the horizon is understood. Now, for the non-trivial BDKN black hole solution at hand, a straightforward albeit somewhat tedious calculation yields
.
Lastly, the energy density of the BD scalar field is computed using eq.(2) as
It is interesting to note that this energy density of the BD scalar field also blows up at the curvature singularity Σ = 0. Now (i) for ω → ∞, R = 0, κ ± = (r ± − r ∓ )/2(r 2 ± + a 2 ) and T BD µν ξ µ ξ ν = 0 on the surfaces r = r ± . This is an anticipated result since this is the correct KN black hole limit in Einstein-Maxwell theory. (ii) Next for ∞ > ω > −1/2, on the surfaces r = r ± , R → ∞, κ ± → ∞ and T BD µν ξ µ ξ ν → ∞ with Φ(r ± , θ) = 0. This indicates that the surfaces r = r ± are singular and fail to act as horizons and hence the corresponding metric cannot describe a black hole spacetime. (iii) Finally for ω < −3/2, or more precisely for −5/2 ≤ ω < −3/2, on the surfaces r = r ± , R = 0 (or R = const. particularly for ω = −5/2), κ ± = 0 and T BD µν ξ µ ξ ν = 0 with Φ(r ± , θ) → ∞. Namely the curvature scalar is finite, surface gravity is zero and the BD scalar field satisfies the weak energy condition although its value diverges there. (Here, infinite value of Φ indicates that the effective Newton's constant tends to zero.) Thus in this range of the ω-values, the surfaces r = r ± may act as regular Killing horizons and hence the corresponding BDKN metric solution appears to describe non-trivial black hole spacetimes different from those in Einstein-Maxwell theory. In particular for ω = −5/2, the corresponding non-trivial BDKN black hole solution singles out with a relatively simple form given by
Lastly, for the rest of the ω-values, i.e., for ω < −5/2, the surfaces r = r ± are singular horizons on which R → ∞, κ + = 0 and T BD µν ξ µ ξ ν = 0 and for −3/2 < ω ≤ −1/2, no Killing horizon develops and thus the curvature singularity at Σ = 0 is naked. Therefore it now appears that for the values of the generic BD ω-parameter in the limited range −5/2 ≤ ω < −3/2, the BDKN solution in BD-Maxwell theory may describe non-trivial black hole spacetimes.
III. Nature of BDKN black holes
Now that we have non-trivial BDKN black hole solutions. It seems then natural to explore its thermodynamics and causal structure in some more detail. Firstly, these BDKN black hole solutions have vanishing surface gravity at the event horizon, κ + = 0 and hence zero Hawking temperature, T H = κ + /2π = 0. In other words, they do not radiate and hence are completely "dark and cold". Certainly, this is a very bizzare feature in sharp contrast to evaporating black holes in general relativity. Next, we turn to their causal structure. As noted earlier, the two Killing horizons, i.e., the outer event horizon and the inner Cauchy horizon turn out to occur precisely at the same locations as those of KN black hole solutions in Einstein-Maxwell theory, i.e., at r ± = M ± (M 2 − a 2 − e 2 ) 1/2 . Also it is interesting to note that the proper area of the event horizon at r = r + ,
is again exactly the same as that of standard KN black hole spacetime. In addition, its angular velocity at the event horizon coincides with that of standard KN solution as well
Next, observe that the norm of the time translational Killing field
goes like negative (r − < r < r + ) → positive (r + < r < r s ) → negative (r > r s ) with r s = M + (M 2 − a 2 cos 2 θ − e 2 ) 1/2 > r + being the larger root of ξ µ ξ µ , indicating that ξ µ behaves as timelike → spacelike → timelike correspondingly. And particularly the region in which ξ µ stays spacelike extends outside hole's event horizon. This region is the socalled "ergoregion" and its outer boundary on which ξ µ becomes null, i.e., r = r s is called "static limit" since inside of which no observer can possibly remain static. Thus if we recall the location of the static limit in standard KN black hole solution, we can realize that even the locations of ergoregions in two black hole spacetimes, KN and BDKN, are the same as well. Namely in two theories, i.e., the BD-Maxwell theory and the Einstein- T BD µν ξ µ ξ ν whose explicit form was given earlier in eq.(15) does not strictly obey the weak energy condition for all r. Namely the value of T BD µν ξ µ ξ ν does not remain non-negative for all r. Rather, its value and hence the signature changes from point to point. In short, the Hawking's theorem simply cannot be applied to the present situation and hence the results of the present study needs not be restricted by Hawking's theorem. In terms of a modern terminology, the non-trivial behavior of the BD scalar field outside the event horizon can be stated that the non-trivial BDKN black hole solutions exhibit "scalar-hair".
IV. Discussions
It seems that now the most relevant question to ask is ; would these non-trivial BDKN black hole spacetimes in BD theory of gravity exhibiting bizzare features such as null radiation really arise in nature? Of course this question needs to be answered very carefully and honestly and the answer for now does not seem to be in the affirmative. Firstly, from field theory's viewpoint, the generic BD theory ω-parameter has to be "positive" in order for the BD scalar field Φ to have canonical (positive-definite) kinetic energy as can be seen in the BD gravity theory action given in eq.(1). Secondly, it is well-known that the BD gravity theory is in reasonable accord with all available observations and experiments thus far provided |ω| > ∼ 500 [10] . Since both these constraints on the values of the ω-parameter seem to rule out the range −5/2 ≤ ω < −3/2 in which the BDKN solution could describe non-trivial black hole spacetimes, for now it seems fair to say that these non-trivial BDKN black hole spacetimes different from their general relativistic counterparts are unlikely to arise in nature. This, however, may not be the end of the story. As we have seen in this work, the energy density of the explicit BD scalar field solution (which essentially consists of its kinetic energy) turns out not to satisfy the weak energy condition. Perhaps this implies that we may abandon the "canonical kinetic energy" condition on the BD scalar field and allow negative-ω values. Moreover, the lower bound |ω| > ∼ 500 may be relaxed considerably with the advances in technology associated with astronomical observations and astrophysical experiments. Thus perhaps it might be wise to keep the possibility of non-trivial BDKN black holes alive. As a matter of fact, there is another type of possibility of greater physical significance and relevance. Note that the generic BD ω-parameter is a kind of coupling constant appearing in the BD gravity action. Thus in principle, it should be considered as a "running" coupling constant as a result of renormalization in the quantum gravity context.
And its scale-dependent behavior can be envisaged as follows. In the BD gravity action given in eq.(1), the term ∼ ω(∇ α Φ∇ α Φ/Φ), like other terms in the action, should be finite.
Thus large-ω indicates the regime where the BD scalar field Φ remains nearly constant which corresponds to the large-scale present universe limit (in which the BD theory goes over to the general relativity). On the other hand, small-ω indicates the regime where the BD scalar field varies sizably with space and time which would presumably correspond to the small-scale early universe limit. Thus if we are willing to accept the BD theory as a "better" effective theory of quantum gravity than general relativity to describe the entire stages (scales) of the universe evolution, then at early times when the value of ω was small such as −5/2 ≤ ω < −3/2, the non-trivial BDKN black holes like the ones studied in this work would have had a chance to form. These "primordial" black holes, unlike their general relativistic counterparts, however, do not evaporate as we discussed earlier. Thus it can be speculated that they might still hide somewhere in the dark side of the space today as a possible constituent of the cold dark matter. After all, new discoveries can be made when we keep our minds as well as eyes open.
